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Total Marks — 100
SECTION 1

Ten questions worth 10 marks

Answer on the answer sheet provided

1. Which of the following is the graph of f (x) = 2x® —3x*?
(A) (B)
14 ~ . 1+
\.\ ; // \‘-.,I I,.f'/ \ /."
8 P \ i ."II " o
1 1 | I,n'll -1 1
©) (D)
TN x IVANE
\_,/_l _ / NN
2. For what values of x isthe curve f (x) = 2x*+ x* concave down?
1
(A)  x<—% ®) x> (C) x<-6 (D)
3. What is the greatest value of the function y = 4—2cos2x?
(A) 2 B) 4 C 6 (D)
4. If 41=32, thenthevalueof x is

(A) 10 (B) 35 (© 3 (D)

X>6



The sector below has an areaof 10z square units.

What is the value of r?

(A) 60 (B) 6or © (D) %

The chance of afisherman catching alegal length fishis4 in 5. If three fish are caught at
random, what is the probability that exactly oneis of legal length?

4 12 16 48
(A) 5 (B) 5 © 5 (D) s

Aninfinite geometric series has afirst term of 8 and alimiting sum of 12. What isthe
common ratio?

© 2

1 1
A5 (B) © 3

1
4

The displacement, x metres, from the origin of a particle moving in astraight line at any
time (t seconds) is shown in the graph.

When was the particle at rest?
(A) t=2,t=8andt=14 (B) t=0

(C) t=45andt=115 (D) Never



If tan2x =+/3 inthedomain —z < x< 7, thevalue of x is:

w = ® -Z-
(C) AandB (D)  None of the above

Consider the graphsof y =x>—x*—6x and y = 4x+8 asillustrated below.
yd
0(424) |
//

/// y=x'-x*—6x

-

P(-14) "]

TN

~ —2 O 3
// 1 /
y=4x+8 - —
P

e

The area enclosed between the curvesis given by
4

r4

(A) A= (4x+8)dx —J (x*—x*—6x) dx
J-2 2
r4 4

(B) A=| (X’-x*-6x)dx —J (4x+8) dx
J-2 -2

(C) A= J'_ [(4x+8)—(x3—x2—6x)]dx + J [(4x+8)—(x3—x2—6x)]dx

J [(4x+8) —(x®—x? —6x)]dx

-1

(D) A=J [(4x+8)—(x3—x2—6x)]dx n

2

End of Section 1



SECTION 2

Attempt Questions 11-16.
All questions are of equal value (15 marks each).

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 11 (15 marks)

@ Evauate ? 18+4.2 correct to four significant figures.
3.1-16

(b)  Factorise 8p°+1.

(©) At afun fair, Paulaand Priscilla each played the same number of rounds of a game
of Shoot the Balloons.

Paula hit the target 30% of the time which was lower than the average by 10 shots.
Priscilla hit the target 40% of the time which was more than the average by 15 shots.

What was the average number of successful shots for the game?

Question 11 continues on Page 7



Question 11 (continued)

(d) In the diagram below, the equation of thelinel isgivenby x—-2y+4=0 .

NOT TO SCALE

x-2y+4=0
B(0,2)

«A(—4,0) 0

\P(0.3)

(1) Find the exact length of the interval AB.
(i) Find the gradient of AB.

(iii)  Theequation of linemis 2x+y+3=0.
Show that the line m is perpendicular to .

(iv)  Show that m intersects | at the midpoint of segment AB.

(v) Explain without any calculations why the lengths PA and PB are equal.
(vi)  Thepoint Q(-5,7)liesonthelinem. Find the length of PQ.

(vii) Explain why APBQ isakite.

(viii)  Find the area of quadrilateral APBQ.

End of Question 11



Question 12 (15 marks) Use a SEPARATE writing bookl et.

(@

(b)

(©

(d)

(€)

Solve | 3— 2x| < 5and graph the solution on anumber line.

Solve the equation 2log(x —5) = log(2x —7)

10
Evaluate ) (10-3k).
k=1

If X, 4 and y are successive termsin an arithmetic sequence and x, 3and y are

. , , 11
successive termsin a geometric sequence, calculate —+—.
Xy

A bag contains one green, four blue and six red marbles.

(1) Two marbles are drawn from the bag with replacement. Find the probability
that two blue marbles are drawn.

(i)  What isthe probability that at least one of the marblesisred or green?

(iii) A single marble is now removed from the bag without noting its colour
and it is replaced with agreen marble.
A marble is now drawn from the bag. What is the probability that it is green?



Question 13 (15 marks) Use a SEPARATE writing booklet.

@ Differentiate:

(i)  log,(1-x)

(i) xe*
(b) Find:
. dx
® 3xX-2

r

(ii) X = 3X x
X3

(c  Evauate JX(X—S)dx .

-1

(d) The graph of f(x) isshown below. Draw the graph of f ’(x) and mark the x-values
a, b and ¢ on your graph.

f(x)

QD
LS
oOf-------

()  Consider thefunction f(x)=cos’ x—sinx inthe domain 7 < x < %T

()  Findf'(x).

(i)  Find the x-coordinates of the stationary points of y = f (x) and
determine their nature.



Question 14 (15 marks) Use a SEPARATE writing bookl et.

@ Find the equation of the parabolawith vertex (—1,3) and directrix y=-1.

(b)  Consider thefunction y =log, (x*) for x>0

(i) Show that the tangent to the curve at the point P (e, 2), passes through
the origin, O.

(i) Find the equation of the normal to the curve at P and find the point Q where

the normal meets the y-axis.
3

(@iii)  Show that the area of triangle OPQ is dee square units.
y
\ f(x)=log,(*)
Q
Pe,2)
j N '

(c) () Draw aneat sketch of the curve y =1+ cos2x for 0<x<r.
(i) Onthe same diagram, sketch y =%x for 0<x<r.

(i)  Explain why the x-coordinates of the intersection points of the two graphs
represent the solutions to the equation x—2cos2x=2.

(iv)  Using the graph, determine the number of solutions to the equation
X —2c0s2x = 2which exist in the given domain.

(d) The population of arare species of beetle can be modeled by N = Ne".
An environmental stress reduced the population from 5000 to 4000 in two days.

(1) How many beetles will there be seven days after the initial count of 50007?
(i)  How many dayswill it take for the beetle population to fall below 250?

- 10 -
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Question 15 (15 marks) Use a SEPARATE writing bookl et.

(@

(b)

The graph of f(x)=x*-1 isshown. The shaded region in the diagram is the area
bounded by the curve, the positive x-axis, the y-axis and the line y =1.

Find the volume of the solid of revolution formed when the shaded region is rotated
around the y-axis.

f(x)=7-1

N ,

Consider the parabola y = x* +1.

) Find the y-coordinate of a point P on the parabola whose x-coordinate is p.

(i) Find an expression for the perpendicular distance of the point P from the line
2X+5y =4 interms of p.

(i) Hence, or otherwise, show that the line 2x +5y = 4 does not intersect the
parabola y = x* +1.

Question 15 continues on Page 13

- 12 —



Question 15 (continued)

(©)

(d)

The graph below represents the gradient function f'(x) .
Specific x-values a, b, ¢, d and e are asindicated in the diagram.

=1
(=)

@ /] R
a bc\i/eo i

() Justify why f(X) has amaximum stationary pointat x=c.
(i) For what value(s) of x isthe graph of y = f (x) increasing and concave up?

(iii)  What feature of the graph y = f (x) existsat x=a?

2
(t+1)? "
Initially, the particleis 2 m to the right of the origin travelling towards the origin
at aspeed of 1 m/s.

The acceleration of a particle moving in astraight lineisgiven by a =

(1) Find an expression for the velocity of the particle at time t?
(i)  Show that the particleisat rest at t =1.
(iii)  What isthe distance travelled by the particlein the first two seconds?

End of Question 15

~ 13—



Question 16 (15 marks) Use a SEPARATE writing bookl et.

(@

(b)

Consider thecurve y = x*-1, x>0. P isthepoint (0,1) and Q(m,n) isapoint
on the curve.

(1) Show that the length of the interval PQ is given by

L=+vm*-3m*+4

(i)  Hence, find the coordinates of the point Q on the curve that is closest to P.

ABCD isasqguare of side length 2 units. P isthe midpoint of AD. CQ isdrawn
perpendicular to PB.

(1) Prove ZAPB = ZQBC.

(i)  Hence or otherwise, show that QC = 4 units.
NG
(iii)  Show that QD =CD .
A B
Q
P
D C

Question 16 continues on Page 15

— 14 -



Question 16 (continued)

(©) During arecent flood, the level of water in ariver was measured at regular intervals starting
from midnight. The height h metres, by which the water level exceeded normal levelswas
recorded.

The rate at which h increased at timet, isgiven by R(t) =0.5(1+¢e% sint).

R

() Deduce from the graph, the approximate time after midnight at which the 1
water level peaked.

(i) Consider the table below and use Simpson’ s Rule with five function values
to estimate the area under the curve shown between t =0 and t =33 correct

to two decimal places. 2
t 0 5 5 5 10
6 3 2 3
R(t) 0.5 1.061 1.645 1.544 0
(iii)  Thetown needsto be evacuated if the water rises to 4 m above the normal 1

levels. If the water level was 0.25 m higher than the normal levels at midnight,
was the town evacuated?

p
(iv)  Now, if the water level returned to normal at time p, find the value of J R(t)dt.1

0

End of paper
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STANDARD INTEGRALS

cosaxdx

sinaxdx

sec’ax dx

secax tanaxdx

dx
d

1
\/Clz _x2
I
[2_ 2
B
Vx? + a?

NOTE : Inx =log, x,

1

a4+l

=Inx,

1
=——cosax,
a

1
= —secax,
a

1
—tanax,
a

-1,

x>0

a#0

az0

az0

az0

dx zln(x+\/x2+a2)

16 —

xz0,ifn<0

X =1n(x+\/x2—a2), x>a>0

x>0



Section 1
1. D
2. A
3. C
4, B
5. A
6. B
7. C
8. C
0. D
100 C
Section 2
Question 11
@ 1.320 (4 sf.)
(b)  (2p+])(4p*-2p+])
(c) 10% of shots =25
Average=3x25+10
= 85 shots
d (i) AB=+4212?=20=25
. 2 1
i Mg=—=—
(i) w275
(i)  Gradient of linem = -2
—2><1 =-1
2
Gradients multiply to —1.
S Lm.
(iv)  Midpoint of ABis M =(-2,1)
Sub (-2,1) into egn of m.
LHS=2x-2+1+3=0=RHS.
..M liesonthelines| and m and isthe
point of intersection of the two lines.
(V) m is the perpendicul ar bisector of AB.
points on m are equidistant from A and B.
-.PA=PB.
(vi) PQ=4/5+(~10)? =125 =5.5.
(vii) Diagonal PQ bisects the diagonal AB.
(viii) Area:%xzﬁx% 257

Mathematics Trial HSC Examination 2012 — Solutions

sl

uestion 12
(i) [3-2x/<5
-5<3-2x<5
-8<-2x<2 -2-
4>x>-1
-1<x<4

(i) 2log(x—5) =log(2x —7)
log((x—5)*) =log(2x-7)
(x-5)* =2x-7

x* —10x+25=2x -7

x> -12x+32=0
(x—4)(x-8)=0

x=4,8
x=8(x#4-log(-1) ¢ R)

10

(i) D (10-3k)=7+4+1+..+(-20)
k=1
10
7-20
== (7-20)
=—65
(iv) 4-x=y-4 .. x+y=8
3_y
—== .Xxy=9
X 3 Y
1,1 _x+y_8
Xy xy 9
1 4 6
(v) P(G)—— P(B)— P(R)— 11
. 4 4 16
i) PBB)= —x—=—
() P(EB) 11 11 121
(i) Pletleast 1GorR)=1- PBB)=1- -2 -1
121 121

(iii) Thereis %chance that agreen marbleis

removed and E chance that the marble

removed is not green.

11,102 21

11 11 11 11 121



Question 13

@ () —xox=— X

1-x? 1-x?

(i) 3x*xe¥ +x*x3e¥ =3x%¥ (1+x)

® @) J J;:(—_f [(3x-2) dx

:M:E,/3X_2+C
%3 3

o i3
=log, Xx+— +C

(©) I_llx(x—?,) dx:f_ll(xz—Bx)dx

(d)
a/b c
(e (i) f'(x)=2cosx(—sinx)—cosx

=—cosx(2sinx+1)
(i) For stationary points, f'(x)=0
—cosx(2sinx+1) =0
cosx=0 or snx=-3

3r 1
X=— Oof X=——
2 6
Test nature
X 3 Iz 4 3z 5
6 2

f'(x) |1.26| 0O |-034| 0 |0.26
SN - S

~.f(x) hasalocal maximum at x = %r

and alocal minimum at x =— 3”

Question 14
(@ Foca length a=4

Equationiis (x+1)° =16(y -3)

() () d—y=i2><2x:E.Atx:e,ﬂ:2.
dx x X dx e
-.gradient of tangent at P is g :

. . 2-0 2
Consider gradient of OP = ——=—.
e-0 e

..OP isthetangent at P or the tangent
at P passes through the origin.

(i) Gradient of normal = ——

Equation of normal is y —2=—

~(x-e)

For y-intercept, sub x=0.

e? 4+¢e?
y 2

2
1 ><4+e2 _de+e?

i) AreaAOPQ = units®
(iii) Q= > >

() (i) and (i)

T
2 T

(iii) For x-coordinates of the intersection points,
solve the two equations simultaneously.

1+cos2x = X
2
2+42c0S2x = X
X—2C0S2X =2
(iv) From the graph, there are two solutions to
the equation x—2cos2x =2 for 0<x<r.

4000 = 5000e*

g% :g or kz%lngor 0.5In0.8

d

N =5000e™ wherek =0.5In0.8
N = 2289.73( 2dp)



(i) 250=5000e" where k =0.5In0.8

t=2in=2 _ 2685
k 5000

.. it takes 27 days for the beetle population
to fall below 250.

Question 15

@ y=x-1 = x’=y+1

1 1
\Y, :ﬂj xzdy:nj (y+1)dy
0 0

{v?y} ~ 2 (3+2)-(0)]

0

3 units®
2
(b) (i) y-coordinateis p*+1.
i d:‘2p+5(p2+1)—4‘:‘5p2+2p+q

N2 +5 V29

(iii)  For intersection points, solve d =0.
5p*+2p+1=0
A=b*-4ac=4-4x5=-16
A <0; .. norea solutions,

..the line does not intersect the parabola.

(o0 (i) Forx=c, f'(x)>0,x=c, f'(x)=0
andforx=c", f'(x)<0.

. f(x) hasamax. stationary pointat x=c.

(i) Increasing= f'(x)>0
Concaveup = f"(x) > 0 or gradient of
f'(x) is+ve.

a<x<b or x>e.

(iii) Stationary point of inflexionat x =a.

(d () x= 2 = X= 2 .c
(t+1)7 " 7 4l
At t=0x=-1
-1=-2+C=C=1
. =2
SX=—0q
t+1
. . =2
(i) Subt=1, x=—-+1=0
1+1

. theparticleisatrestat t =1.

(iii) Initially the velocity is negative. Itiszero at
t =1 and then it is positive.
..distance travelled is the sum of two areas.

1 2
d =—J (_—2+1j dt+J (_—2+1j dt
o\t+1 \t+1

=—[-2In(t+D +t] +[-2In(t+D +t]
=-[(2In2-1)— (0)] +[(~2In3+2) — (-2In 2+1)]

= In(l—gj m or 0.575m(3sf.)

Question 16

@ (i) Q=(mm*-1
PQ:\/(m—O)2+(m2—2)2

=Jm?+m* —4m2 + 4 =/m* -3m*+ 4

(i) Let D=PQ=+/m*—3m*+4

ab _ ! «(4m® —6m)
dm  2Jm*-3m?+4

d—D:0:>4m3—6m=0
dm

2m(2m2—3):0

m:O,i\/E m>0:>m:\/§
2 2

Test nature:
m 1 3 2

2
D |-07] O 3.5

~N - 7

-.Disminimum at m:\/§ and Q= \/El
2 22

(b) (i) Let ZAPB =x
ZAPB + ZABP + /A =180° (angle sum of AAPB)
ZABP =90-x (£LA=90°-- ABCD isasqguare)
ZQBC =90- ZABP («£B=90°)

=90-(90—-x) =X
.. ZABP = ZQBC = x (asrequired)




(i) In AAPB,
PB =+ AP? + AB? (Pythagoras Theorem)
=22+ (GivenAB =2 and AP =1 AB)

NG
. AB 2
=—=— 1
sinx NG D
AP 1
=—=— 2
COSX NG 2
inx=2C__2
INnAQBC, sinx= BC V5 from (1)
C_2
2 5
-+ @
J5

(iii) £ZQCB=90-x (anglesum of AQBC)
. ZQCD =x (£C=90°)

In AQCD, using the Cosine Rule,
QD?=QC? +CD?*-2QC.CD.cosx

16 4
+4 2X — — from (2) and (3
\E \E (2) and (3)
=4
QD=2
~.QD=CD=2

(c) (i) At3.20 am (fromthe graph) asthisis
the point when R(t) becomes zero and the
water level isno longer increasing.

(if)
5 5 5 10
t 0 B 3 2 3
R(t) 05 | 1061 | 1.645 | 1.544 0
weight w 1 4 2 4 1
wx R(t) 05 | 4244 | 329 | 6.176 0

5
Atea~2[05+4.244+3.29+6.176-+0]
~3.95 (2dp)

(iii) The area under the curve isthe total
increase in the height of the water from
midnight.

The water level peaks at 3.20 am
Peak water level = 0.25+3.95=4.2 m.
Y es, the town will need to be evacuated.

(iv)

The area under the curve R(t) represents
the net change in the water level from
t = 0or midnight.

At midnight, the water level was 0.25 m
higher than normal.

When the water level returnsto the
normal, the net change in the water level
from midnight is—0.25.

jo" R(t)dt =-0.25



